All infinite factors with separable predual contain a maximal Abelian * subalgebra whose normalizer generates a simple subfactor
INTRODUCTION
The purpose of this note is to point out that every infinite factor M, with separable predual, contains a maximal Abelian * subalgebra A whose normalizer JV(A) generates a simple subfactor of M.
We recall that a subfactor JV c M is simple in M if NvJNJ = B(L2(M)) where / is the modular conjugation of L2(M) (the lattice symbol V denotes the von Neumann algebra generated). We refer to [2, 3] for the properties of simple subfactors; what we need to know here is that M always contains a simple injective subfactor.
The proof of our result closely follows an argument of Popa [4, p. 160 ] with one crucial difference: we use simple injective subfactors at the place of injective subfactors with trivial relative commutant [1] .
In this way we obtain a superposition of the results in [2, 4] providing the general construction of a new kind of MASA whose properties are more stringent than those shared by semiregular MASA's [4] . ( A is semiregular if J^iA)" is a factor; this factor has automatically trivial relative commutant in M since it contains A . One calls A regular if J^iA)" = M.)
The construction
Let %? be a separable Hilbert space. We choose a bounded metric d on the unit ball 5(^"), on 5(^"), inducing the strong topology, and a strongly dense The following lemma is contained in [4, 5] and is included for convenience; the other lemmas are standard or elementary. Proof. We order the pairs iA,F) consisting of a type / sufactor F of M with infinite relative commutant F' n M and a maximal Abelian * subalgebra A of F in such a way that iA,F) c iÄ,F) means that F c F and Ä = AyB with 5 a MASA of F'nF (in other words iA ,F) is a tensor product component of iÂ,F) ). We will construct an increasing sequence of pairs iAk ,Fk) with r¡iAk)^0, S(FkvJFkJ)-+0 that will prove the theorem because A = yAk will be a MASA of M by Lemma 1 and J^iA)" d R where R = yFk is simple injective subfactor of M. By an iterative argument it suffices to prove separately that, for any given pair iA,F), there exists a pair iÄ,F) D iA,F) such that (a) niÄ) < \niA) (b) ôiF y JFJ) < \6{F y JFJ).
To prove a) we choose in the factor F'nM an increasing sequence of discrete Abelian von Neumann subalgebras Bn such that yBn is maximal Abelian and all the atoms of Bn are infinite, thus equivalent, in F1 f\M (Lemma 2).
Since A V Bn increases to a MASA of M we have tjiA V Bn) -► 0. Let m be so large that r\iA V5OT) < \r\iA) and let G be a type / subfactor of F'nM containing Bm as a MASA and notice that the relative commutant of G in F'nM is infinite (Lemma 3). The pair (i,F) with Â = AyBm, F = FyG satisfies a).
To prove b) let R be a simple injective subfactor of F' C\M [2] . Because of the tensor product decomposition M ~ F ® (f ' n M) the subfactor F V R of Af is simple and injective (Lemma 4).
Let {Fn} be an increasing sequence of type / subfactors of M, with F = Fx and FnC\M infinite, that generates R. Since S(FnVJFnJ) -»Owe may chose m so large that SiFmyJFmJ) < {ô{FvJFJ).
Choose a MASA 5 of F'nFm and set À = A V5, F -Fm so that iÁ,F) D iA,F) and step b) is done. □ Remarks. Let A be MASA of M as in the theorem: 
